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Abstract. We show that the resuhing manifold by r-surgery on the hyperbohc double 
twist knot J(2to, 2n) has left-orderable fundamental group if the slope r satisfies certain 
conditions. This result gives a supporting evidence to a conjecture of Boyer, Gordon and 
Watson that relates L-spaces and the left-orderability of their fundamental groups. 



Introduction 

The motivation of this paper is a conjecture of Boyer, Gordon and Watson that relates 
L-spaces and the left-orderabihty of their fundamental groups. Let F be a closed, con- 
nected, oriented 3-manifold, and denote by HF{Y) the 'hat' version of Heegaard Floer 
homology of Y . We are interested in a class of manifolds with minimal Heegaard Floer 
homology which was introduced in [OSj . A rational homology sphere Y is called an L- 
space if HF{Y) is a free abelian group whose rank coincides with the number of elements 
in HiiY; Z). Examples of L-spaces include lens spaces as well as all spaces with elliptic 
geometry |OSj . It is natural to ask if there are characterizations of L-spaces which do not 
refer to Heegaard Floer homology. 

A non-trivial group G is called left-orderable if there exists a strict total ordering < 
on its elements such that g < h implies fg < fh for all elements f,g,h e G. It is 
known that the fundamental group of an irreducible 3-manifold with positive first Betti 
number is left-orderable [HSttlBRW] . There is a conjectured connection between L-spaces 
and the left-orderability of their fundamental groups. Precisely, a conjecture of Boyer, 
Gordon and Watson [BGWj states that an irreducible rational homology 3-sphere is an 
L-space if and only if its fundamental group is not left-orderable. The conjecture was 
confirmed for Seifert fibered manifolds, Sol manifolds, double branched covers of non- 
splitting alternating links |BGW] . 

In a related direction, it was shown that if —4 < r < 4 then r-surgery on the figure-eight 
knot yields a manifold whose fundamental group is left-orderable [BGWtlCLW] . Recently, 
Hakamata and Teragaito have generalized this result to all hj^erbolic twist knots. They 
show that if < r < 4 then r-surgery on any hyperbolic twist knot yields a manifold 
whose fundamental group is left-orderable |HTH IHT2 j. In this paper, we study the left- 
orderability of the fundamental group of manifolds obtained by Dehn surgeries on double 
twist knots. Let J{k, I) be the double twist knot in Figure 1. Note that J{k, I) is a knot if 
and only if kl is even, and is the trivial knot if kl = 0. Furthermore, J{k, I) = J{1, k) and 
J{—k,—l) is the mirror image of J{k,l). Hence, without loss of generality, we consider 
J{k, 2n) for k > and \n\ > only. When k = 2, J(2, 2n) presents the twist knot. Note 
that the twist knot Kn in [HT2] is J(— 2, 2n), which is the mirror image of J(2, —2n). 
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Figure 1. The knot K = J{k, I). Here k and / denote the numbers of half 
twists in each box. Positive numbers correspond to right-handed twists and 
negative numbers correspond to left-handed twists respectively. 

The main result of the paper is as follows. 

Theorem 1. Let m and n be integers such that m > 1. Suppose r G Q satisfies 

n > 2 and m > 2, 
n>2 and m = 1, 

n = 1 and m > 2, 
n < -1. 

where Um (resp. Un) is the unique real solution of the equation te* = 4(2m — 1) (resp. 
te* = 4(2n — 1) ). Then the resulting manifold by r-surgery on the hyperbolic double twist 
knot J {2m, 2n) has left-orderable fundamental group. 

Remark 0.1. a) We exclude J(2,2) from Theorem [1] since it is the trefoil knot, which is 
a torus knot. 

b) Since J{—2m,—2n) is the mirror image of J{2m,2n), the following follows from 
Theorem 1. Let m and n be integers such that m > 1. Suppose r G Q satisfies 

n > 2 and m > 2, 
n > 2 and m = 1, 

n = 1 and m > 2, 
n < -1. 

Then the resulting manifold by r-surgery on the hyperbolic double twist knot J(— 2m, —2n) 
has left-orderable fundamental group. 

c) Since J{2m,2n) does not yield an L-space by any non-trivial Dehn surgery |0S] . 
Theorem [1] gives a supporting evidence to the conjecture of Boyer, Gordon and Watson. 

Plan of the paper. In Sections 1, 2 and 3, we respectively study the knot group, the 
non-abelian S'L2(C)-representation space and the canonical longitude of the double twist 
knot J{2m,2n). Sections 4 and 5 contain crucial calculations involving the meridian 
and the canonical longitude of J(2m, 2n) which will be needed in the proof of the main 
theorem in the last section. Section 6 is devoted to the proof of Theorem [H 
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1. Knot groups 

By [HSn[ Section 4], the knot group of K = J{2m, 2n) has a presentation 

7Ti{K) = {a,b\ aw'' = w^'b), 

where w = (ab^^)"' [a^^b)"^ and a, b are meridians of K depicted in Figure 1. 

In the case of m = 1 (twist knots), the following presentation is more useful. Let c be 
the meridian of J{2,2n) depicted in Figure 1. 

Lemma 1.1. One has 

7ri( J(2, 2n)) = {b,c \ bu = uc) 

where u = (6~^c)"c(6^"'^c)~". 

Proof. Let 6i, ■ • • , fe|n|+i and Ci, ■ ■ ■ , c\n\+i be meridians of = J(2, 2n) depicted in Fig- 
ures 2 and 3, where bi = b and ci = c. 

Case 1 : n < 0. From the Wirtinger relations corresponding to the bottom 2\n\ (pos- 
itive) crossings of K, it follows that bj+i = cJ^bjCj and Cj+i = bj^iCjbJ^i- Then, by 
induction on j, we have = {c~^byb{c^^b)^^ and Cj+i = {c'^by c^c'^b)"^ . 




Figure 2. J(2,2n), n < 0. 

Case 2 : n > 0. From the Wirtinger relations corresponding to the bottom 2\n\ (neg- 
ative) crossings of K, it follows that Cj+i = bJ^Cjbj and bj^i = Cj+ibjCj^^. Then, by 
induction on j, we have Cj+i = {b^^cyc{b~^c)~^ and bj+i = {b~^cyb{b~^c)~^ . 

In both cases, we have b\n\+i = {b~^c)"'b{b~^c)~^ and c\n\+i = {b~^c)^c{b~^c)~'^. The 
Wirtinger relations corresponding to the top 2 (negative) crossings of K are equivalent to 
the same relation c = C|^|_^^6c|„|+i. The lemma follows by letting u = c\n\+i- D 

Remark 1.2. The above presentation of the knot group of J(2,2n) follows from the 
choice of generators of its Kauffman bracket skein algebra in |GNj and is very useful for 
understanding the character variety of J(2,2n), see [NT] . 
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\ 



b|n| 2|n| crossings '^2 




Figure 3. J(2,2ra), n>0. 



2. NON-ABELIAN 5*1.2 (C)-REPRESENTATIONS 



Recall that K = J {2m, 2n). A representation p : tti(K) — )■ SL2{C) is called non-abelian 
if p{7ii{K)) is a non-abelian subgroup of SL2{C). Taking conjugation if necessary, we can 
assume that p has the form 



(2.1: 



p(a) = A 



and p{b) = B 



M 1 

M-i 



M 
2-y 

where {M,y) e C* x C satisfies the matrix equation AW"' — W"-B = 0. Here W = p{w). 
It can be easily checked that y = tr AB^^ holds. Let x = tTA = tTB = M + M~^. 

Let {Sj{t)}j be the sequence of Chebyshev polynomials defined by 5'o(t) = 1, Si{t) = t, 
and Sj+i(t) = tSj{t) — Sj^i(t) for all integers j. Note that S-j(t) = —Sj^2it). Moreover 
if t = s + s^^, where s 7^ ±1, then Sj(t) 



By [MTl Section 2], the assignment (12. ip gives a non-abehan representation p : ni{K) — > 
SL2{C) if and only if {M,y) e C* x C satisfies the equation 



where 



(j)K{x,y) := ajnSn-l{f3m) - Sn-2{Pm) = 0, 



= 2 + {y-2){y + 2-x^)Sl_,{y), 
oim = I - {y + 2- x^)Sm-i{y){Sm-i{y) - Sm-2{y)) ■ 



/3. 



The polynomial (f)K{x,y) is also known as the Riley polynomial [Ri] 
roots of (f)K{x,y) can be described as follows. 



of K. Certain 



Lemma 2.1. Suppose \n\ > 2. There are < 6i < 62 < 4: (depending on n) such that for 
every y > 2, there exists 



X G 




Si 



y + 2 



iy-2)Sl_,{y) 
such that (j)K{x,y) = 0. 

Proof. Fix y > 2. We consider the following 3 cases. 
Case 1 : n = 2. We have (pK^x^y) = amf^m — 1- ff x 

f3m = 0, and (i)K{x,y) -- 



iy-2)Sl_,iy) 



-1 < 0. If X = Jy + 2 + 



y + 2- 
then /3„ 



2 

(s/-2)5^-i(2/) 



then 



1 and > 1, 
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which imphes that (pxi^, y) = — 1 > 0. Hence there exists 



X G 




1 



iy-2)Sl_,{yy 




{y-2)Sl_M 



such that (pK^x.y) = 0. 

Case 2 : n > 2. It is known that the polynomial S'„_i(t) — Sn-2{t) has exactly n — 1 
roots given by t = 2 cos ^'^2n-i) ' '^here 1 < j < n — 1. 



Let Xi 



2_2cosi?tl)ZL 

y + 2 + (^„2)5^ ^" (y) ■ ^^^^ if X = Xj then /3„ 



2 cos ^1^2n-i) ' "which 



implies that Sn-ii(3m) = Sn-ii(3m) and (f)K{xj,y) = {am - l)5'„_i(2 cos ^^^). In par- 
ticular, we have (pK^Xi.y) > > 0/^(x2,?/), since S'„_i(2 cos 2;^) > > S'„_i(2 cos 2^37) 
(see e.g. |HT2t Lemma 3.1]). Hence there exists x G (xi,X2) such that (j)K{x,y) = 0. 
Case 3 : n < -2. Let / = -n > 2. We have 



Let x'- 



2-2cosi2^ti> 

y + 2 + ^„_riyt^a ^'Y'l , where 1 < J < By a similar argument as in the 



previous case, we can show that (p^i^'i, y) < < ^^^-(xg, y). Hence there exists x G {x[, x'2) 
such that (j)K{x,y) = 0. □ 



In the case of m = 1 (twist knots), by using the presentation in Lemma ll.ll we can 
also describe non-abelian S'L2(C)-representations of i^' = J{2,2n) as follows. Suppose 
p : TTi{K) — )■ SL2{C) is a non-abelian representation. Taking conjugation if necessary, we 
can assume that p has the form 



(2.2) 



p{b) = B 



M 1 
M"i 



and p(c) = C 



M 
2-z 



where (M, z) G C* x C satisfies the matrix equation BU — UC = 0. Here U = p{u). 
It can be easily checked that z = ti BC^^. The following lemma is standard. 

Lemma 2.2. Suppose the sequence {Dj}j of 2x2 matrices satisfies the recurrence relation 



D 



(2.3) 



tDj — Dj^i for all integers j . Then 



Proposition 2.3. One has 

BU -UC 

where 



(2- z)-in{x,z) M-i7„(x,z) 
[z-2)M-i^{x,z) 



7„(X,2) = -{z + l)Sl_^{z)+ Sl_2{z)+2Sn^l{z)Sn-2{z) 
+ X^Sn-l{z) {Sn-l{z) - Sn-2{z)) ■ 
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Proof. We first note that, by the Cayley-Hamihon theorem, D^^^ = [ti D)D^ — D^^^ for 
all matrices D G SL2{C) and all integers j. By applying (12 .Sp twice, we have 

BU = B{B-^CYC{C-^BY 

= Sl_,{z)B{B-'C)C{C-^B) + Sl_2{z)BC 

- Sn-i{z)Sn-2{z){B{B-^C)C + BC{C-^B)) 
= Sl„,{z)CB + Sl_2{z)BC - Sn^i{z)Sn-2{z){C^ + B^). 

Similarly, 

UC = {B-^CYC{C-^BYC 

= Sl_,{z){B-^C)C{C-^B)C + Sl_,{z)CC 

- Sn^i{z)Sn^2{z){{B-'C)CC + C{C-'B)C) 
= Sl_,{z)B-^CBC + Sl_2{z)C^ - 5„_i(z)5„_2(^)(5-'C3 + BC). 

Hence, by direct calculations using (12. 2p . we obtain 

BU-UC = Sl_^{z){CB - B-^CBC) + Sl_2{z){BC -C^) 

- 5„_i(^)5„_2(^)(C2 - 5-1^3 + 52 - BC) 

{2-z)^n{x,z) M-i7„(x,z) " 
_ (2;-2)M7„(x,z) 

where 

The proposition follows since + = — 2. □ 

Proposition 12.31 implies that the assignment (12. 2p gives a non-abelian representation 
p : 7ri(J(2, 2n)) — )■ 5'L2(C) if and only if 7„(a;, 2;) = 0. 



3. Canonical longitudes 



Let /i = 6 be the meridian oi K = J(2m, 2n) and A the canonical longitude corre- 
sponding to yU. Suppose p : ni^K) — )■ SL2{C) is a non-abelian representation. By taking 
conjugation if necessary, we can assume that p has the form 



p(a) = A 



M 
2~y M-i 



and p(6) = B 



M 1 
M-i 



where ?/ = tr Ai? ^ . Recall that x 
By [HSnl Section 4], we have p(A) 



trA = trS = M + M-^ 




where L = —Wi2/W^ 



12- 



Here IVj^ is 



the ij-entry of = p{w) and Wij is obtained from VFjj by replacing M by M ^ 
Lemma 3.1. One has 

W12 = Sm-M [xS:^-i{y) - (M - M-i)5„_2(i/) - yM-^S^^.i{y)\ . 
Proof. The proof is similar to that of jMTl Lemma 2.3], so we omit the details. □ 
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In the case of m = 1 (twist knots), by Lemma [3.11 we have p(A) 

, 1 - - 1)M2 



L * 
L-i 



where 



By Lemma [1. 11 the knot group of J(2, 2n) also has the following presentation 

7ri(J(2,2n)) = (6, c | 6m = uc) 

where u = (6^^c)"c(6^^c)~". Recall from the previous section that C = p{c) and z = 
ti BC~^. We can express y = trAB~^ in terms of x and z as follows. 

Lemma 3.2. One has 

y={z'- 2)Sl_,{z) + 2Sl^,{z) - 2zS^^,{z)Sn-2{z) - x\z - 2)Sl_,{z). 

Proof. From the proof of Lemma \\.\\ we have a = b\n\+i = {b~^c)"'b{b^^c)^"- , see Figures 
2 and 3. By applying f l2.3p twice, we have 



Sl_,{z)BB-' 



AB-^ = {B-^CYB{C-^BYB-^ 

= Sl,{z){B-'C)B{C-'B)B-' 

- Sn^i{z)Sn-2{z) {{B-'C)BB-' + B{C-'B)B~') 
= Sl{z)B-'CBC-' + Sl_,iz)I - Sn.,{z)Sn-2{z) {B-'C + BC-') , 

where / is the 2x2 identity matrix. Taking traces, we obtain 

tr AB-^ = Sl_^iz)tr{B-^CBC-^) + 2Sl_2iz)-2zSn^iiz)Sn-2iz) 

= (^2 _ ^^2 ^ - 2)SI_,{Z) + 2SI_,{Z) - 2zSn-l{z)Sr,-2{z), 



since ti{B-^CBC-^] 



zx- 



2 + 2x'^ — 2. The lemma follows. 



□ 



In Sections H] and [5] below we will perform crucial calculations involving the meridian 
and the canonical longitude of the knot J(2m, 2n) which will be needed in the proof of 
Theorem [T] in the last section. 



4. Calculations: The case of \n\ > 2 
Recall that K = J{2m, 2n). Let s > 1 and y = s + s^^. By Lemma [2. there exists 



X G 



y 



62. 



'y 



{y-2)Sl_,{y) 



such that 4>k{x, y) = 0, where < 5i < ^2 < 4 depending on n only. Since x > A/y+~2 > 
2, there exists Ms > 1 such that x = Ms + M~^. Because (j)K{x,y) = 0, there exists a 
non-abelian representation ps : tti{K) — )■ SL2{M.) of the form 



ps[a) 



A 



M. 







2-2/ M; 



and Ps{b) = B 



Ms 1 
M: 
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Recall from the previous section that fi = b is the meridian of K and A is the canonical 

I L * 1 

longitude corresponding to /i. We have Ps(A) = r\ r-^ where 

L ^ s . 

L = ^12 _ xS^.ijy) + (M - M-^)Sm-2iy) ~ yMSm-ijy) 
Wu xSrn-i{y) - (M - M-i)5™_2(2/) - yM-^Sm-i{y) 

- -1 + M^s + M'^s^"' - ■ 
by Lemma Em 

Lemma 4.1. One has M'j > s > 1. Hence Ls > I. 

Proof. We have > y + 2, or equivalently + M~'^ + 2 > s + + 2. It follows that 
> s > 1, and hence Lg > I. □ 

Lemma 4.2. One has lims^i+ (^^^^ = and lim^^oo (^^) = 4?^- 

Proof. Let s ^ oo. Since G (^y + 2 + (^„2)sLifa) ' ^ + ^ + fa-2)5i_i(i/) ) ' ^^^^ ~ 
(y + 2) 0, or equivalently (M^ - s)(l - -^) 0. It follows that - s -> 0, and 

-1 + M^S + M2s2™ - 5^+2'" 

Hence lim.^oo (^ft) = 4m. 

Let s ^ 1+, y ^ 2+. Since g (y + 2 + ^^^^J^, 7/ + 2 + , we have 

— )■ 00. It follows that Ms — )■ 00 and 

' ~ -1 + M^s + M'^s^"' - ^ 
Hence lim,^i+ (g^) =0. □ 

Let /o : (1, 00) — 7- M be the function defined by fo{s) = — ^ ^ ^ . Lemmas 14.11 and [ 4.21 
imply the following. 

Proposition 4.3. The image of fo contains the interval (— 4m, 0). 

5. Calculations: The case of m = 1 
Let K = J{2,2n). Recall from Proposition 12.31 and Lemma [3.21 that 

+ X^Sn^liz) (Sn-liz) - Sn-2{z)) 

y = iz'-2)Sl_,iz) + 2Sl_,iz)-2zSr..,iz)S,,.2iz)-x'iz-2)Sl_,iz). 
Let s E C \ { — 1, 0, 1} and z = s + s~^. Note that Sj{z) = glg-i — for all integers j. 

Lemma 5.1. Suppose (s^" - + l)s and = {2 + s + s^^) (^sttz^cS^^t^- 

Then 7„(x, z) = and y - 1 = 
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Proof. Since z = s + , hj direct calculations, we have 

-{Z + 1)SI_,{Z) + SI_^{Z) + 2Sn^l{z)Sn-2{z) = 



- 1 



Sn-l{z) {Sn-l{z) - Sn-2{z)) 



-.2n-l 



2n 



S-1)(S + 1)2- 



By assumption, = (2 + s + s ^) (-^2n^i)(s2n-i_(.i) • It follows that 7n(a;, z) = 0. 
Similarly, y — 1 = ''^a^^"^^ by direct calculations. 

5.1. The case of > 0. 



□ 



Lemma 5.2. The equation {2 + s + s~ 



-1 



' (s2"-l)(s2n-l_,_l-) 



So > 1 satisfying the condition s > I. 

Proof. Suppose s > 1. Then the equation is equivalent to — — 



4 has a unique real solution 



4s ' 



or equivalently (s 



2n-l 



-2n 



)(s - 1) = 4. The LHS 



4s ' 



I.e. 



s ){s — 1) is a strictly increasing function in s > 1. Hence the lemma follows since 



lims_>i+ LHS = < 4 < oo = lims_s.oo LHS. 

5.1.1. The case of s > sq. Suppose s > sq. Since 

s 



□ 



{2 + s + s~') 



471—1 



(S2"-I)(s2"-1 + 1) 



> 4 



^-1 



(s2n-l)(s2n-l+l) 



Yy. By Lemma 



by Lemma [5. 2 [ there exists x > 2 such that x"^ = {2 + s + s ^] 
Em jnix,z) = 0. 

Choose Ms > 1 such that x = Mg + M~^. Since 7„(x, 2;) = 0, Proposition 12.31 implies 
that there exists a non-abelian representation ps : iti{K) — )■ 5*1/2 (ffi) satisfying 



Ps{a) = A 



Ms 
2-y 



and Ps{b) = B 



Ms 1 

M: 



where y = tr AB ^ = 1 + ^^atV^'*' by Lemmas 13.21 and 15.11 



By (13. ip . we have A = 

Lemma 5.3. One has 

(5.1) {2 + s + s' 

Proof. Since 



Ls 
L 



-1 



where 



-i-M? ■ 



^4n-l 



,2n+l 



-,2n 



1)(S 



2n-l 



+ 1 



< 



+ 1 



^2n 



+ 



S2" + S 
+ 1 



+ 2. 



^2n+l 



+ l)(s2" - 1) 



□ 



the lemma follows. 
Lemma 5.4. One has y — 1 > > 1. Hence Ls < —I. 

Proof. We have y — 1 = "^atl'^^ > 1. The inequality (15. ip is equivalent to + M"^ < 



y-l + It follows that ?/ - 1 > > 1 and 



y-l-M? 



< -1. 



□ 



Lemma 5.5. One has lim. 



:\Ls\ 



s-s>oo \ WM? 



2n + 1. 
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Proof. We have 

+ = - 2 = s + - (2 + s + s-') ""'""'^^ ~ 



- + !)■ 

It follows that 



It is easy to show that 



lim {s + - ^2-2" _ si-2n)-i ls + s-^-{2 + s + s-^ 



(32n _ l)(52n-l + 1) 



Hence lim,^„o - s^-^n _ si-^")"^ = 1 and lim,_„o (m^ - ^5^) /s^-^^ = -1. 

Since Ls = ["^^M^ - l) / (m^ - ^5ii±i j , we have lim.^oo s~'^-'Ls = -1. The 
lemma follows. □ 

Let u > 1 he the unique real solution of the equation se'^ = 4{2n — 1) satisfying s > 1. 
Lemma 5.6. One has lim,^ + ( ^^^^ < ^^^^ + 2. 

Proof. From the proof of Lemma 15. 2[ it follows that sq > 1 is the solution of (s'^""^ — 
— 1) = 45^", or equivalently (s^" — 1)^ = 5(5^""-^ + 1)^. Hence = ^/s^ and 

Sq +1 

hm y — 1 = lim — = hm 1 + — 



Let 7 = 1 + By L'Hospital's rule, we have 



s+ VlogM2 y f=M2^1+ logt 7 - 1 7 - 1 

We claim that sq > 1 + 2^^- Indeed, assume that sq < 1 + Then 
a contradiction. Hence sq > 1 + and 



^ yi^l^ V(2n- l)(2n - 1 + w) An - 2 + u 
Therefore lim,^,+ ( 'i^) = 1 + ^ < 1 + = + 2. □ 
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logM, 



Let /i : (so, oo) — t- M be the function defined by 
and 15.61 imply the following. 
Proposition 5.7. The image of fi contains the interval { — {An + 2), — (^^^^p^ 
5.1.2. The case of s = e^^*. Then z = 2 cos 2^ and 

{2 + s + s-'] 



Lemmas 15. 4[ 15.51 



4)). 



- l)(s2"-l H 
„2n+l 



Suppose n > 1. Consider 

Lemma 5.8. One has 

4 cos^ 6 sin(4n 



2(2n-l) 



< 



j2n . 

9 < 



4 cos^ 61 sin(4n - 1)6' 
2sin(2ra)^cos(2n - 1)^' 
cos(2n + 1)6 
cos(2n- 1)^' 



2n' 



(5.2) 



)e cos(2n - 1)9 cos(2n + 1)9 
2cos{2n-l)9sm{2n)9 ^ cos(2n + 1)^ ^ cos(2n - 1)^ 



2. 



Proof. We have 
The lemma follows. 



2cos2^ /sin(4n-l)0 2cos2(2r26 



cos(2n — 1)6* \ sin(2n6 
—2 cos^ 9 sin 9 



cos(2n + 1)^ 



sin(2n^) cos(2n + 1)^ 



> 0. 



□ 



We have cos(2n-l)6'-cos(2n + l)6' = 2 sin6' sin(2ra6') > 0. It follows that cos(2n + l)6' < 
cos(2n — 1)^ < and ^"^l^"]*^]^!^ > 1. Lemma [5l8] implies that 



4 cos^ 6^ sin(4n - 1)6^ 



cos(2n - 1)9 cos(2n + 1)^ 

> T::^ 7TT H 7TT + 2 > 4. 



2cos(2n- l)^sin(2n)e cos(2n + 1)^ cos(2n - 1)^ 
Hence there exists x > 2 such that 



X 



4cos^6'sin(4n - 1)9 



{2 + s + s-^)- 



1 



g2n _ l)(s2n-l ^ 



2sin(2ri)0cos(2n- 1)^ 

By Lemma [5TT| 7„(x, z) = 0. 

Choose Mq > 1 such that x = Mg + M^^. Since 7„(x, z) = 0, Proposition 12.31 implies 
that there exists a non-abelian representation pg : tti{K) — )■ 5*272 (M) satisfying 



Me 
2-y Mg' 



Me 1 
M«-i 



1 + 



and Pe{b) = B 
cos(2n+i)e T, Lemmas 13.21 and 15.11 

cos(2n— l)y ' ' ' ' 

where L, 



l-(i/-l)M| 



pe{a) = A 
where y = ti AB~' = 1 + 

By (El]), we have A = q ' ^ v-^-m, 

Lemma 5.9. One has Mg > y — 1 > 1. Hence Le > 1. 

Proof We have y-1 = > 1. The inequality ((521) is equivalent to M^+Mg^+2 > 

y - 1 + ^ + 2. It follows that M| > y - 1 > 1 and L, 



l-fa-l)M| 



□ 
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Lemma 5.10. One has lim 



2(2n-l) 

Proof. For the first limit, let 6i = 



ANH T. TRAN 

logL 



lim 



2(2n-l) ■ 

2 cos^ 6 sin 6 



logM2, 
Since 



2 anc? lim 



log Lg 

logM2 



0. 



— 2cos^ 01 sin 6*1 



Vsin(2n6')cos(2n + l)6'/ cos 6*1 (- sin 26*1) 

the proof of Lemma 15.91 implies that limg_j.g+ (M| + Mg"^) — (^y — 1 + j = 1- Hence 
M| - - 1) = 1 and 



lim 



lim 



log 
+ V log M| 



log((y - 1)M| - 1) - log(M| -jy- 1)) ^ 2 
e^0+ log M| 



The second limit is clear, since M| — )• 00 and — 1 as — t- (^) . 



□ 



Let /2 : 



^2(2n-l) ' 2n 



^) M be the function defined by f2{9) = - 



and 15.101 imply the following. 

Proposition 5.11. The image 0//2 contains the interval (—4,0). 



log Lg 
log Me 



. Lemmas 15.91 



5.2. The case of < 0. Let / = —n > 0. From Lemma [5.11 we have 

Then 7„(x, z) = Q and y-l = filtli ■ 
5.2.1. The case of s > 1. Suppose s > 1. Since 



Lemma 5.12. Suppose + l)(s^' — l)s 7^ and = (2 + s + s ^) (g2i4+'^i)(^2i_i) ■ 



{2 + s + s-'] 



1 



(S2'+1 + I)(s2«_l) 



{2 + s + s-') 1 + 



s2'(s-l) 



(s2m + i)(s2/_i) 



>4, 



there exists x > 2 such that = (2 + s + s ^)j^2i-rr-p^j(^r:i)- By Lemma |5.12[ 7„(x, 2;) = 0. 

Choose Ms > 1 such that x = Mg + . Since 7„(x, 2;) = 0, Proposition 12.31 implies 
that there exists a non-abelian representation ps : t^i{K) — )■ S'L2(M) satisfying 



Ps(a) = ^ 



Ms 

„2! 



and Ps{b) = B 



Ms 1 

M: 



where ?/ = tr AB ^ = 1 + g2i+tli by Lemmas [221 and I5.12[ 





By (13. ip . we have A = 

l-(l/-l)M 



where 



-.2«+l 



+ 



-Mf-1 /(Mf- 



ZZ - 1 - M2 

Lemma 5.13. One has > s. Hence < < 1. 
Proof. We have 



+ = - 2 = s + s"^ + (2 + s + s-i) 



s^' + s 



^21+1 



+ 1 



S2'(s- 1) 



(S2'+1 + l)(s2' - !)• 
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It follows that 



> ^{s + s-') + i V(s + - 4 = s > 1. 

Since > s > > 1 > j!+tli , we obtain < < 1. □ 

The following lemma is easy to check. 



Lemma 5.14. One has lims_s.i+ = 1 + "^"""^f ^"^ and lims_s.i+ Lg = 1. 

Lemma 5.15. One has lims_5.oo ^^^-2; = 1 o-nd limg^^ s'^^Lg = 1. 
Proof. It is easy to show that 



lim - + s'-^y' J (s + s-^ + {2 + s + s-i)- ^''^^ 



[S2'+1 + I)(s2'-1) 

Hence lim.^oo (s + s^-^^^ = 1 and lim.^oo (m^ - ^J^^) /s^-^' = 1. Then, from 



we obtain lims_5.oo s'^''Ls = 1. □ 

Let /a : (1, 00) — M be the function defined by /sfs) = — -. Lemmas 15.131 15.141 

log Ms 

and 15.151 imply the following. 

Proposition 5.16. The image of contains the interval (0, — 4n). 

5.2.2. The case of s = e^^*. Suppose s = e^^*. Then z = s + = 2cos2^^. By direct 
calculations, we have 

_i s^'+i-l _ 4cos2^sin(4/ + 1)0 

^ ^^^^ \s2^+i + l)(s2'-l) ~ 2cos(2/ + l)0sin(2/)0' 

s^' + s cos(2/ - 1)9 



s2'+i + l cos(2/ + l)0' 
^2 = 2(2l+T)- Consider < < 02- 

Lemma 5.17. One has 

4cos2 0sin(4/ + 1)0 cos(2/ - 1)0 cos(2/ + 1)0 
^^■^^ 2cos(2/ + l)0sin(2/)0 ^ cos(2/ + 1)0 ^ cos(2/ - 1)0 ^ ^' 
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Proof. We have 

RHS 
It follows that 



(cos(2/ - 1)9 + cos(2/ + 1)^)^ 



4cos2^cos2(2/e) 



LHS - RHS 



cos(2/ - 1)^ cos(2/ + 1)^ cos(2/ - 1)^ cos(2/ + 1)^ ' 
2cos2^ /sm(4/ + l)0 2cos2(2/^) 



cos(2/ + 1)^ V sm{2W) cos(2/ - 1)6 

2 cos^ 6 sin 6 
sm{2W) cos(2/ - 1)^ 



> 0. 



The lemma follows. 



□ 



Since < (2/ - 1)^ < (2/ + 1)^ < f , we have cos(2/ - 1)9 > cos(2Z + 1)6 > 0. Lemma 
15. 171 implies that 

4cos2^sin(4/ + 1)^ cos(2/ - 1)^ cos(2/ + 1)^ 



> 



+ 



2 cos(2/ + 1)^ sin(2/)e cos(2/ + 1)^ cos(2/ - 1) 
Hence there exists x > 2 such that 



+ 2 > 4. 



X 



4 cos^ 61 sin(4Z + 1' 



{2 + s + s-^)- 



+ i)(s2; _ 1)' 



2cos(2/ + l)0sin(2/)^ 

By Lemma [5.121 7„(x, z) = 0. 

Choose Mg > 1 such that x = Mg + Mq^. Since 'jn{x,z) = 0, Proposition 12.31 implies 
that there exists a non-abelian representation pg : tti{K) — )■ 5*172 (M) satisfying 

Mg 

2-2/ 

cos(2;-i)e -^^ Lemmas 13.21 and [5. 12[ 



pg{a) = A = 

where y = ti AB^^ = 1 
By (13.11) . we have A - 



and pg{b) = B 



Me 1 
M-^ 



s2i + l+l — 
Lg * 





1 + 



cos(2/+l)e 



where Lg 



l-(i/-l)A/| 



Lemma 5.18. One has Mg > y — 1 > 1. Hence Lg > 1. 

Proof. We have y — l = c°s(2!+i)e ^ '^^^ inequality (15. 3 p is equivalent to M|+Mg"^ + 2 > 



y -1 + ^ + 2. Hence M| > y - 1 > 1 and Lg 



l-fa-l)M| ^ 



□ 



Lemma 5.19. One has limg^g- yj^^^jp: 

Proof. For the first limit, we have 

2 cos^ 6 sin 6 

lim 



2 and lim. 



0^0+ 



log Lg 

log Aft 



2 cos^ 02 sin ^2 



sin(2/^) cos(2/ - 1)6 cos ^2 sin 2^2 
The proof of Lemma 15.171 then implies that limg^g-(Mg + M^"^) — — 1 + ^3]-) ~ 



Hence lim^ 



Ml 



{y —1) = 1 and 



g^g- V log M| 



lim 



log((i/ - 1)M| - 1) - log(M| - - 1)) 
log M| 



hm M(i^l)i^.2. 



logt 
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The second limit follows from Lemma 15.141 □ 

Let /4 : (0, 2(21+1) ) ^ be the function defined by fiiO) = — ^ • Lemmas 15.181 and 
15. 191 imply the following. 

Proposition 5.20. The image of contains the interval (—4,0). 

6. Proof of Theorem [T] 

Let Xm,n be the complement of the double twist knot J(2m, 2n) in S^, i.e. „ = 
\ J {2m, 2n). Here m > and \n\ > 0. Let fi and A be the pair of the meridian and the 

canonical longitude of J(2m, 2n) as defined in Section |3l 

For r G Q, let Mm,n{f) denote the resulting manifold by r-surgery on the hyperbolic 

double twist knot J{2m, 2n). For r = 0, Mm,n(0) is irreducible and has positive first Betti 

number, so vri(Mm,n(0)) is left-orderable. 

Lemma 6.1. Suppose there are a continuous family of non-abelian representations pt : 
7ri(Xm,n) — >■ -P5'L2(M), t G (toj^i), and a continuous function g : (to,^i) such that the 
image of g contains some interval (ro,ri) and g(t) = r E Q if and only if pt{fJ,^X'') = ±/ 
where r = p/q is a reduced fraction. Then Mm,n(^) his left-orderable fundamental group 
z/r G Qn (ro,ri). 

Proof. The proof is similar to that of jBGWl Section 7] and [HT2t Section 7] . The crucial 
point here is that the knot J(2m, 2n) has genus one. 

Suppose r = p/q is a reduced fraction in Q fl (ro,ri). By assumption, there exists 
t G (to)^i) such that g(t) = r and pt(/i^A') = ±/. 

Let SL2 be the universal covering of PSL2{M.) and (f : SL2 — ?■ PS'L2(M) the covering 
map. It is known that there is an identification SL2 = AxM, where A = {z E C : \z\ = 1}, 
and kenp = {(0,j7r) | j G Z}, see e.g. [Khj . 

There is a lift of pt : 7ri(Xm „) — )• PS'L2(M) to a homomorphism pt : 7ri(Xm „) — )• SL2 
since the obstruction to its existence is the Euler class e{pt) G if^(Xm^„;Z) = 0, see 
|Gh] . Since the knot J{2m,2n) has genus one, without loss of generality we can assume 

that pt{T^i{dXm,n)) is contained in the subgroup (—1, 1) x {0} of SL2, by |HT2[ Lemma 
7.1]. Because pt{p^\'^) = ±/, we have V9(pf (/i^A^)) = /. This means that pti^p^X'^) lies in 
kerip = {(0, jtt) | j G Z}. Hence pt{p^X'^) = (0, 0), the identity of SL2, and so pt induces a 
homomorphism 7ri(Mm^„(r)) — )■ 5*1/2 with non-abelian image. Since SL2 is left-orderable 

[Be], any non-trivial subgroup of SL2 is left-orderable. Because Mm,n(yi^) is irreducible 
(HTj, 7ri(M„_„(r)) is left-orderable by [BKWl Theorem 1.1]. ' □ 

We are ready to prove Theorem [H Let r = p/q he a reduced fraction. Suppose 
p : 7ii{Xm,n) PSL2(M.) is a representation such that 



M 1 
M-i 



and p(A) 



L * 
L-i 



where M, L G M \ {0, ±1}. Since p and A commute, it is easy to see that p^p^X'^) = ±1 
if and only if M^L'^ = ±7, or equivalently 

log|L| p 
~log|M| ~ q' 
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We first consider m = 1. Propositions \5.7\ \5.11\ \5.16\ 15.201 and Lemma 16.11 imply that 
Mm,n{r) has left-orderable fundamental group if the slope r satisfies the condition 

r(-(4n + 2),-(^ + 4))u(-4,0], n>2, 
\(-4, -4n), n<-l. 

(Note that 7ri(Mm,n(0)) is left-orderable.) Since 7ri(Mi^„(— 4)) is left-orderable by [Tej . 
Theorem 1 follows. 

Suppose now m > 2. We consider the following cases. 

Case 1 : n = 1. Since J{2m,2) = J {2, 2m), Mm.i(r) has left-orderable fundamental 
group if r G (^-(4m + 2), -(^^^^ + 4)) U [-4, 0]. 

Case 2 : n = —1. Since J(2m, — 2) = J(— 2,2m) is the mirror image of J(2, — 2m), 
Mm,-i{r) has left-orderable fundamental group if r G (—4m, 4]. 

Case 3 : \n\ > 2. Proposition 14.31 and Lemma [6. II imply that Mm,n{f) has left-orderable 
fundamental group if the slope r satisfies the condition r G (—4m, 0]. 

If n > 2, then since J{2m,2n) = J{2n,2m), Mm,n{f) also has left-orderable fundamen- 
tal group if r G (— 4?t,, 0]. Hence we conclude that Mm,n{f) has left-orderable fundamental 
group r G (— max{4m, 4n}, 0]. 

If n < —2, then since J{2m,2n) = J(2n,2m) is the mirror image of J{—2n, —2m), 
Mm^nij) also has left-orderable fundamental group if r G [0,— 4n). Hence we conclude 
that Mm,n{f) has left-orderable fundamental group if r G (—4m, —An). 

This completes the proof of Theorem [H 
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